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Bose-Einstein condensates of 104 85Rb atoms in a cylindrical trap are studied using a recently proposed
approach based on a local-density approximation. Since the existence of a Feshbach resonance allows for
widely tuning the scattering length of the atoms, values of the peak gas parameter xpk of the order of 1022 may
be attained and the standard analysis based on Gross-Pitaevskii and/or Thomas-Fermi equations may result in
being questionable. Energy functionals derived from the correlated basis functions theory and the low-density
expansion for a homogeneous hard-spheres gas are used to estimate corrections to the Gross-Pitaevskii equa-
tion. The two functionals give similar results, both showing large differences with respect to the Thomas-Fermi
and Gross-Pitaevskii ones. The column densities at z50 may differ by as much as ;30% and the half
maximum radius by ;20%. The scattering lengths estimated by fitting the half maximum radius may differ by
;40% from those given by a Thomas-Fermi-based analysis of the experimental data.
DOI: 10.1103/PhysRevA.64.063610 PACS number~s!: 03.75.Fi, 05.30.Jp, 32.80.PjBose-Einstein condensation of magnetically trapped
alkali-metal atoms has been achieved in several experimental
setups, most of them in regimes where the atomic gas is
considered to be very dilute, i.e., the average interatomic
distance is much larger than the range of the interaction. As
a consequence, the physics is dominated by two-body colli-
sions, generally well described in terms of the s-wave scat-
tering length a. The crucial parameter defining the condition
of diluteness is the gas parameter x(r)5n(r)a3, where n(r)
is the local density. For low values of the average gas param-
eter, xav<1023, the mean-field Gross-Pitaevskii ~GP! equa-
tion @1# is the logical tool to study the system ~see Ref. @2#
for an extended review!.
The gas parameter may be brought outside the regime of
validity of the GP equation by two ways: either by increasing
the number of atoms N in the condensate, or by changing
their effective size. Recent experiments have explored both
possibilities. On one side, they have reached very large N
values, N;108; on the other, the scattering lengths have
been widely tuned. The second approach promises to be
much more efficient to reach large x regions.
In a recent experiment performed at ~JILA! @3,4#, it was
possible to confine about 104 atoms of 85Rb in a cylindrical
trap. By exploiting the presence of a Feshbach resonance at a
magnetic field of B;155 Gauss, the scattering length was
varied from negative to very high-positive values. Actually, it
was suggested some time ago @5# that a could be modulated
by taking advantage of its expected strong variation in the
vicinity of a magnetically induced Feshbach resonance in
collisions between cold alkali-metal atoms. Several experi-
ments have supported this proposal by demonstrating this
type of scattering length variation for several alkali-metal
atoms, as 85Rb, Cs, and Na @6–8#. However, only very re-
cently the Boulder group at JILA has been successful in pro-
ducing stable 85Rb condensates where a can be effectively
tuned over a very wide range.
To explore with confidence such regimes of high values of
the parameter x, a necessary task is to investigate the accu-1050-2947/2001/64~6!/063610~5!/$20.00 64 0636racy of the GP equation. Moreover, to quantify the limita-
tions of the GP description is of particular relevance since
the empirical estimate of the scattering length is based upon
the so called Thomas-Fermi ~TF! approximation to the GP
equation. The TF approximation amounts to disregard the
kinetic energy term in the GP equation. The TF and GP re-
sults are expected to coincide for large N and/or a values. In
the experimental analysis, a common procedure consists in
measuring the column density, given by the integral of the
particle density along a direction perpendicular to the sym-
metry axis of the trap nc(z)5*dx n(x ,0,z). The x direction
coincides with that of the light beam used to image the
atomic cloud. Then, the scattering length is inferred by find-
ing the value of a that, in the framework of the TF equation,
provides a column density with the same experimental size.
In a previous paper @9#, we have proposed a local-density
approximation ~LDA! based approach, where the correlated
basis functions ~CBF! @10# theory is used to generate an en-
ergy functional able to take into account the correlations in-
duced by the interparticle potential. These correlations are
expected to become important in the large x region. The ac-
curacy of the CBF results for the energy of a homogeneous
gas of bosonic hard spheres ~HS! was successfully checked
up to x51023 in Ref. @9# against a diffusion Monte Carlo
calculation ~DMC! @11#, providing the exact solution of the
many-body Schro¨dinger equation. We have then checked that
the agreement between CBF and DMC results is still very
satisfactory at x51022. In the same reference, the accuracy
of energy functionals derived by truncating at different or-
ders the low-density ~LD! expansion of the energy density of
the HS homogeneous gas @12# was studied. The two ap-
proaches ~LDA/CBF and LDA/LD, respectively! provided
GP-like equations, whose solution allowed us to estimate the
corrections to the GP treatment of hard-sphere bosons in iso-
tropic, harmonic traps.
In this paper, we will solve the LDA/CBF and LDA/LD
equations in the case of cylindrical traps, in order to estimate
the corrections to the GP and TF results in the conditions of©2001 The American Physical Society10-1
A. FABROCINI AND A. POLLS PHYSICAL REVIEW A 64 063610the JILA experiment. We begin by briefly recalling the deri-
vation of the LDA equations. Then, in the simpler case of a
spherical trap, we will compare different approaches in a
situation where the number of atoms and the frequency of
the trap are kept fixed and the scattering length is allowed to
vary in a representative range of values. The LDA spherical
results are also compared with those obtained by solving the
modified GP equation of Ref. @13# and a modified version of
the TF equation. Finally, we will consider a cylindrical trap
corresponding to the experimental setup. Depending on the
value of the scattering length, the corrections to the GP re-
sults may be as large as 30% for energy, chemical potential
and ;40% for the extracted scattering length.
For a system of N bosons at T50 temperature, described
by the Hamiltonian
H52
\2
2m (i „ i
21(
i
Vext~ri!1(
i, j
V~ri j!, ~1!
where Vext(ri) is the external confining potential and V(ri j)
is the interatomic potential, a CBF ground-state wave func-
tion may be written as: cCBF(N)5F(N)cMF(N), where
F(N) is a many-body correlation operator applied to the
mean-field wave function ~w.f.!, cMF(N). The advantage of
a CBF w.f. consists mainly in the fact that nonperturbative
effects may be easily taken into account by the correlation
operator. In particular, this is the case of the short-range re-
pulsion in HS systems.
The CBF energy is given by
ECBF5
\2
2mE dr1@„W 1n1/2~r1!#21E dr1 n~r1!Vext~r1!
1Ecorr , ~2!
where the one-body density n(r) is normalized to N, and
Ecorr is the so called correlation energy @9#. In the LDA
approach, Ecorr is approximated by Ecorr
LDA/CBF defined by
Ecorr
LDA/CBF5E dr1 n~r1!eHSCBF@n~r1!# . ~3!
eHS
CBF@n(r)# is the CBF energy per particle of the HS homo-
geneous gas at density n(r), and it may be readily computed
by the hypernetted chain technique @10#. A minimization of
the energy with respect to n(r) is obtained by solving a
correlated Hartree-like equation ~Eq. ~17! of Ref. @9#!.
The correlation energy may be estimated in an analogous
LDA framework by means of the low-density expansion for
the energy of a homogeneous system of hard spheres, whose
diameter coincides with the scattering length @12#
eHS
LD~n !5
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m
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Retaining the first term of the LD expansion to evaluate
Ecorr provides the standard GP energy expression, and, con-06361sequently, the GP equation ~after minimizing over the den-
sity!. By including successive corrections, modified GP
~MGP! equations are obtained.
It is worth noticing that, up to these orders of the expan-
sion, the details of the potential do not show up, and any
potential with the same scattering length would give identi-
cal results. Such an universal behavior was confirmed by the
DMC calculation of Ref. @11#. In Refs. @9,11,14# it was
shown that the first term of the expansion is accurate only at
very low values of x for an uniform system. The addition of
the first correction in x1/2 in the square brackets gives a good
representation of the exact DMC results up to x51022.
However, the logarithmic term severely spoils the agreement
already at intermediate x values, and it has not been incor-
porated into the functional energy, eHS
LD(n), used in this pa-
per.
As is usually done, it is convenient to simplify the nota-
tion by expressing lengths and energies in harmonic oscilla-
tor ~HO! units. The spatial coordinates, the energy, and the
density are rescaled as r5aHOr1 , E5\vE1, and C(r)
5n(r)1/25(N/aHO3 )1/2C1(r1), where C1(r1) is normalized
to unity and aHO5(\/mv)1/2. Using these variables and per-
forming a functional variation of the energy within the
LDA/LD scheme truncated at the first order in x1/2, we ob-
tain the MGP equation for the spherically symmetric trap:
F2 12 r12 112 r1214pa1Nuc1~r1!u2
1Apa15N3
128
3 uc1~r1!u
3Gc1~r1!5m1c1~r1!, ~5!
where a15a/aHO and m1 is the chemical potential in HO
units.
Table I gives some results for N5104 85Rb atoms con-
fined in a spherical trap with an oscillator angular frequency
TABLE I. Ground-state properties of N5104 85Rb atoms con-
fined in a spherical trap (v/2p512.83 Hz) in different approaches.
m15chemical potential, E1 /N5energy per atom, xpk5peak gas
parameter. Energies in HO units.
a/a0 1400 3000 8000 10000
m1
TF 13.30 18.04 26.71 29.20
m1
GP 13.42 18.13 26.78 29.27
m1
MGP 13.97 19.84 33.38 38.06
m1
CBF 13.98 19.77 33.53 38.65
E1
TF/N 9.50 12.89 19.08 20.86
E1
GP/N 9.67 13.02 19.18 20.95
E1
MGP/N 10.01 14.10 23.43 26.63
E1
CBF/N 10.03 14.06 23.38 26.76
xpk
TF 6.2731024 3.9131023 4.1131022 7.0231022
xpk
GP 6.3031024 3.9131023 4.1231022 7.0331022
xpk
MGP 5.7331024 3.2031023 2.6031022 4.1231022
xpk
CBF 5.7831024 3.2531023 2.5431022 3.87310220-2
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Hz and vz/2p56.9 Hz are the radial and axial frequencies
associated with the external potential of the cylindrical trap
used in Ref. @3#. In the Table, we study the dependence of the
energy per particle and of the chemical potential on the scat-
tering length, given in units of the Bohr radius of the Hydro-
gen atom a0. For this trap, aHO557 523a0. We also show the
TF results. The main appeal of the TF approximation is that
it is possible to derive simple analytical expressions @15#
of several quantities. For instance, m1
TF51/2(15a1N)2/5. Also
reported are the peak values of the gas parameter
xpk5n(0)a35Na13uc1(0)u2, whose TF estimate is xpkTF
5(152a112N2)1/5/(8p).
At low values of the scattering length, the MGP and CBF
corrections are small; besides, the TF approach to the GP
equation is not fully satisfactory. As expected, the TF and GP
results are much closer when a increases, where, however,
those corrections become important and of the order of 30%
at the largest value of a510 000a0. As a increases, xpk also
increases, the MGP and CBF density distributions get wider
and xpk
MGP,CBF are depleted with respect to both TF and GP
because of the repulsive character of the extra interaction
terms. The CBF and MGP results are always confortably
close to each other. A TF approach to the MGP equation
~MTF! was proposed in Ref. @2#, by simply dropping the
kinetic energy term in Eq. ~5!. The resulting equation is non-
linear in the density, and looses the property of having ana-
lytical solutions, except at the very first step of an iterative
procedure @2# ~MTF/1!. By comparing the MTF/1 approxi-
mation with the full solution of the MTF equation, a good
agreement at low-scattering lengths is found (m1MTF513.85,
xpk
MTF55.7131022, and m1MTF/1513.89, xpkMTF/155.54
31022 at a51400a0). However, substantial ~or even dra-
matic! differences appear in both the chemical potential and
the peak gas parameter at large a values. In fact, at a
510 000a0, we obtain m1
MTF538.00 and m1
MTF/1542.92,
with a 13% disagreement, whereas xpk
MTF54.1231022 and
xpk
MTF/1 becomes unrealistically negative.
Our MGP equation has been derived within the LDA,
using energy functionals provided by the homogeneous gas
of hard spheres. In this way, corrections to the kinetic energy
due to the inhomogeneity of the trapped bosons system are
not fully and correctly considered. A consistent treatment of
these corrections was given in Ref. @13#, by taking into ac-
count quantum fluctuaction corrections to the mean-field ap-
proximation up to x1/2 terms. This approach gives a MGP-
like equation ~MGP/QF! having the term,
17
18
1
Ap
@2Axr12 1r1Axr1#c1~r1!, ~6!
added to the left-hand side ~l.h.s! of Eq. ~5!. We have solved
the MGP/QF equation for two of the cases shown in Table I
(a/a051400 and 10 000! and found marginal differences
~less than 0.1%! with the results given by the MGP equation,
both for the chemical potential and the peak gas parameter.06361The results for the cylindric trap used in the JILA experi-
ments are given in Table II. Most of the TF results are again
analytical. The HO units in the cylindric case are: r
5a’ ,HOr1 , E5\v’E1 , C(r)5(N/a’ ,HO3 )1/2C1(r1), and
a’ ,HO5(\/mv’)1/2. The trap deformation parameter is l
5vz /v’50.39.
The column density ~already defined in the introductory
part of this paper! is an accessible experimental quantity,
connected to the density profile. Its TF expression reads
nc
TF~z1!5
2
12pa1N
F2S m1TF212 l2z12D G
3/2
. ~7!
A measure of the extension of the condensate is the half
maximum radius of the column density, R1/2 , defined as the
z1 value where nc(z15R1/2)5(1/2)nc(0). Also of interest is
the full strength at half maximum, FSHM, given by the in-
tegrated strength of the column between the 6R1/2 values.
In Fig. 1, we show the column densities in different ap-
proaches, for the same set of scattering lengths reported in
the tables. The solid, dot-dashed and dashed lines correspond
to the MGP, CBF, and TF results, respectively; stars are the
GP densities; the triangles in the two upper panels give
nc(z1) evaluated in MGP, but changing the scattering length
to reproduce R1/2,TF , supposedly corresponding to the mea-
sured radius. The two modified values are a55920a0 for
R1/2,TF510.20 and a54940a0 for R1/2,TF59.75 and the re-
lated MGP columns are practically identical to the TF ones.
The GP and TF results almost coincide and the MGP and
CBF corrections are more sizeable at the two largest values
of a, where xpk becomes of the order of 1022. Because of the
repulsive nature of the MGP/CBF extra term, R1/2,MGP/CBF
are larger than R1/2,TF , while FSHMMGP/CBF are smaller
than FSHMTF , and for low z1 values nc
MGP/CBF(z1) stay
below nc
TF(z1). A smaller scattering length is required to
reproduce R1/2,TF and FSHMTF in the MGP and CBF ap-
proaches in the high xpk region. In fact, we find a reduction
of ;40% of a/a0. This analysis shows that using the TF
TABLE II. Ground-state properties of N5104 85Rb atoms in the
cylindrical trap described in the paper. Energies in HO units.
a/a0 1400 3000 8000 10000
m1
TF 9.70 13.15 19.47 21.29
m1
GP 9.82 13.25 19.55 21.36
m1
MGP 10.22 14.51 24.38 27.79
m1
CBF 10.19 14.38 24.37 28.09
E1
TF/N 6.93 9.39 13.91 15.21
E1
GP/N 7.08 9.52 14.00 15.29
E1
MGP/N 7.33 10.31 17.09 19.43
E1
CBF/N 7.31 10.23 16.98 19.42
xpk
TF 6.2331024 3.8831023 4.0931022 6.9831022
xpk
GP 6.2831024 3.9031023 4.1031022 7.0031022
xpk
MGP 5.7231024 3.1931023 2.6031022 4.1031022
xpk
CBF 5.7631024 3.2431023 2.5331022 3.86310220-3
A. FABROCINI AND A. POLLS PHYSICAL REVIEW A 64 063610FIG. 1. Column densities at four values of the scattering length for the cylindrical trap. Dashed lines5 TF, stars5 GP, solid lines5 MGP,
dot-dashed lines5CBF. The triangles in the first ~second! upper panel give the MGP column density at a/a055920 (4940).
FIG. 2. Scattering length as a function of the full strength at half maximum ~left! and of the half maximum radius ~right! in the cylindrical
trap. Circles, stars, and triangles correspond to the TF, GP, and MGP results, respectively. Lines are a guide to the eyes.063610-4
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gas-parameter regime could lead to severe overestimates in
this kind of trap geometry.
The lower panels of the figure roughly correspond to
xpk;1023 –1024. As expected, the MGP and CBF correc-
tions are smaller and the computed R1/2 values become
closer when a/a0 decreases.
Figure 2 shows the scattering length as a function of
FSHM and R1/2 for the cylindrical trap within the methods
we have analyzed. The figure stresses that, depending on the
FSHM and R1/2 values and on the used approach, the esti-
mates of a can differ by up to 40%.
In conclusion, we find that corrections to the TF- and
GP-based results may be as large as 30% in the ground-state
properties of the condensate, when the conditions of the
JILA experiments for 85Rb are considered. Comparable cor-
rections are obtained for the column densities, where large06361differences with the standard TF and GP estimates may be
found. These differences appear to be relevant for the extrac-
tion of the scattering length when large values of the gas
parameter come into play. MGP- and the CBF-based ap-
proaches are still mean-field theories, since they try to incor-
porate correlation effects into the average single-particle po-
tential. However, it is conceivable that their predictions are
indicative of large corrections due to the interatomic interac-
tions at those regimes attained in recent experiments.
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